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Abstract 



Singular vectors of a representation of a finite-dimensional simple Lie algebra are weight 
vectors in the underlying module that are nullified by positive root vectors. In this article, we 
use partial differential equations to find all the singular vectors of the polynomial representation 
of the simple Lie algebra of type F± over its basic irreducible module. As applications, we obtain a 
new combinatorial identity about the number 24 and explicit generators of invariants. Moreover, 
we show that the number of irreducible submodules contained in the space of homogeneous 
harmonic polynomials with degree k > 2 is > \k/3\ + \ (k — 2)/3| + 2. 

1 Introduction 

It has been known for may years that the representation theory of Lie algebra is closely 

related to combinatorial identities. Macdonald [M] generalized the Weyl denominator 

identities for finite root systems to those for infinite affine root systems, which are now 

known as the Macdonald's identities. Lepowsky and Garland [LG] gave a homologic 

proof of Macdonald's identities. Kac (e.g., cf [Ka]) derived these identities from his 

generalization of Weyl's character formula for the integrable representations of affine Kac- 

Moody algebras, known as Weyl-Kac formula. Lepowsky and Wilson [LW1, LW2] found 

a representation theoretic proof of the Roger s-Ramanuj an identities. There are a number 

of the other works relating combinatorial identities to representations of Lie algebras. 
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We present here a consequence of the Macdonald's identities taken from Kostant's 
work [Kol]. Let Q be a finite-dimensional simple Lie algebra over the field C of com- 
plex numbers. Denote by A + the set of dominant weights of Q and by V(A) the finite- 
dimensional irreducible (/-module with highest weight A. It is known that the Casimir 
operator takes a constant c(A) on V(X). Macdonald's Theorem implies that there exists 
a map x '■ A + — > { — 1,0, 1} such that the following identity holds: 

oo 

(11(1 - q n ))^ = £ x(A)(dim V(X))q< x \ (1.1) 

n=l AeA+ 

Kostant [K2] found a connection of the above identity with the abelian subalgebras of Q. 

The number 24 is important in our life; for instance, we have 24 hours a day. Math- 
ematically, it is also a very special number. The minimal length of doubly-even self-dual 
binary linear codes is 24. Indeed there is a unique such code of length 24 (cf. [P]), known 
as the binary Golay code (cf. [Go]). The automorphism group of this code is a sporadic 
finite simple group. The minimal dimension of even unimodular (self-dual) integral lin- 
ear lattices without elements of square length 2 is also 24. Again there exists a unique 
such lattice of dimension 24 (cf. [CI]), known as Leech's lattice (cf. [Le]). Conway [C2] 
found three sporadic finite simple groups from the automorphism group of Leech's lat- 
tice. Griess [Gr] constructed the Monster, the largest sporadic finite simple group, as the 
automorphism group of a commutative non-associative algebra related to Leech's lattice. 
The Dedekind function 

oo 

rj(z) = q 1/M JJ(1 - q n ) with q = e 2wzl (1.2) 

n=l 

is a fundamental modular form of weight 1/2 in number theory, where g 1//24 is crucial for 
the modularity. Moreover, the Ramanujan series 

oo oo 

A 24 (z) = ( V (z)) 24 = g JJ(1 - q n f A = E r ^"' (1-3) 

n=l n=l 

where r(n) is called the r-function of Ramanujan. The function r(n) is multiplicative and 
has nice congruence properties such as r(7m + 3) = (mod 7) and r(23 + A;) = (mod 23) 
when k is any quadratic non-residue of 23. The theta series of an integral linear lattice 
is the generating function of counting the numbers of lattice points on spheres. Hecke 
[He] proved that the theta series of any even unimodular lattice must be a polynomial 
in the Essenstein series £4(2) and the Ramanujan series A.2i{z). The factor (1 — q n ) 24: 
is important to A 2 4,(z). Let A r be the rth fundamental weight of Q. In this article, we 

o 



obtain the following identity 

oo 

(1 + q)(l + q + q 2 ) = (1 - <?) 24 ^ (dim V(mA 3 + (n + A;)A 4 ))g 3m+2n+fc (1.4) 

m,n,k=0 

when Q is the simple Lie algebra of type F 4 . In other words, the dimensions of the modules 
V(k\ 3 + IX4) are linearly correlated by the binomial coefficients of 24. Numerically, 

dim^As + U.) = (i±J|^||±l±i) (24 + , + 7 )(3* + I + I0)(3t + 21 + 11) 

5 6 9 

AH(k + r))(IJ(* + ' + ^))(II( 2A; + 1 + «))■ ( L5 ) 

r=l s=2 q=5 

A direct elementary proof of (1.4) seems unthinkable. 

The 52-dimensional exceptional simple Lie algebra Q Fi of type F 4 can be realized as the 
full derivation algebra of the unique exceptional finite-dimensional simple Jordan algebra, 
which is 27-dimensional (e.g., cf. [A]). The identity element spans a one-dimensional 
trivial module. The quotient space of the Jordan algebra over the trivial module forms 
a 26-dimensional irreducible (? F4 -module, which is the unique £ F4 -module of minimal 
dimension (So it is called the basic module of Q Fi ). Singular (highest- weight) vectors of 
a representation of Q Fi are weight vectors in the underlying module that are nullified by 
positive root vectors. In this article, we use partial partial differential equations to find all 
the singular vectors in the polynomial algebra over the basic irreducible module of Q Fa . 
Then the identity (1.4) is a consequence of the Weyl's theorem of complete reducibility. 
Another corollary of our main theorem is that the algebra of polynomial invariants over 
the basic module is generated by two explicit invariants. In addition, there is also a simple 
application to harmonic analysis. 

Denote by E TyS the square matrix with 1 as its (r, s)-entry and as the others. The 
orthogonal Lie algebra 

o(n,C)= C(E r ,,-E atr ). (1.6) 

l<r<s<n 

It acts on the polynomial algebra A — C[xi, ...,x n ] by 

(E r>8 - E Str )\ A = x r d Xs - x s d Xr . (1.7) 

Denote by Ak the subspace of homogeneous polynomials in A with degree k. When n > 3, 
it is well known that the subspace of harmonic polynomials 

H k = {feAk\(dl + --- + dl)(f) = 0} (1.8) 

forms an irreducible o(n, C)-module. The basic module of Q Fi has an invariant bilinear 
form. So the subspace 7i Fi of homogeneous harmonic polynomials over the basic module 



with degree k (in different forms) also forms a finite-dimensional £ F4 -submodule. Ac- 
cording to the Weyl's theorem of complete reducibility, it is a direct sum of irreducible 
submodules. The subspace 7if 4 = Ai is the basic module itself. We deduce from our main 
theorem that the number of irreducible summands of H^ 4 is > |/c/3[ + \(k — 2)/3j + 2 for 
k > 2. 

Our idea of using partial differential equations to solve Lie algebra problems started 
in our earlier works [XI] and [X2] when we tried to find functional generators for the 
invariants over curvature tensor fields and for the differential invariants of classical groups. 
Later we used partial differential equations to find the explicit formulas for all the singular 
vectors in the Verma modules of sl(n, C) (cf. [X3]) and sp(4,C) (cf. [X4], where the 
singular vectors related to Jantzen's work [J] for general sp(2n, C) were also explicitly 
given). A few years ago, we realized that decomposing the polynomial algebra over a finite- 
dimensional module of a simple Lie algebra into a direct sum of irreducible submodules 
is equivalent to solving the differential equations of flag type: 

(di + fid 2 + f 2 d 3 + --- + fn-id„)(u) = 0, (1.9) 

where di, d 2 , d n are certain commuting locally nilpotent differential operators on the 
polynomial algebra C[x±, ...,x n ] and /i, are polynomials satisfying 

diifj) = if i > j. (1.10) 

In [X5] , the methods of solving such equations were given. In particular, we found new 
special functions by which we are able to explicitly give the solutions of initial value 
problems of a large family of constant-coefficient linear partial differential equations in 
terms of their coefficients. Recently, Luo [Lu] used our methods to obtain explicit bases 
of certain infinite-dimensional non-canonical irreducible polynomial representations for 
classical simple Lie algebras. For convenience, we will use the notion 

TJ+j = {i,i + l,i + 2,...,i+j} (1.11) 

for integer % and positive integer j throughout this article. 

Since our proof of the main theorem heavily depends on precise explicit representation 
formulas, we present in Section 2 a construction of the basic representation of Q Fa from 
the simple Lie algebra Q E& of type E 6 . In this way, the reader has the whole picture of 
our story, and it is easier for us to track errors. The proofs of our main theorem and its 
corollaries are given in Section 3 



2 Basic Representation of F4 



We start with the root lattice construction of the simple Lie algebra of type E 6 . As we 
all known, the Dynkin diagram of E 6 is as follows: 

9 2 

E &- o o o o o 

1 3 4 5 6 

Let {ai I % G 1,6} be the simple positive roots corresponding to the vertices in the 
diagram, and let $e 6 be the root system of E 6 . Set 

6 

Q E& =J2^ (2-1) 

i=i 

the root lattice of type E 6 . Denote by (•, •) the symmetric Z-bilinear form on Qe 6 such 
that 

® Ee = {aE Q Ee I (a, a) = 2}. (2.2) 
From the above Dynkin diagram of E 6 , we have the following automorphism of Qe 6 '- 

6 

i=l 

for Ya=i G Qe 6 - Define a map F : Q Ee x Q Ef , ->■ {1, -1} by 

6 6 

F(J2 ka t ,J2 l 3 a :>) = (-l) E -i fc ' /l+A;i/3+fe4Z2+fe3Z4+fe5i4+fc6i5 , 1*, lj G Z. (2.4) 

Then for a, /3, 7 G Qe 6 , 

F(a + A 7) = 7 )F(/3, 7), F(a, /3 + 7) = /3)F(a, 7), (2.5) 
F(a, (3)F((3, a)" 1 = (-1)^, F(a, a) = (-l)^/ 2 . (2.6) 

In particular, 

F(a,f3) = -F(f3,a) if a, (3, a + (3 G $£ 6 . (2.7) 

Furthermore, 

F(<r(a),<T(/3)) = F(a,^) fora,/3GQ£ 6 . (2.8) 

Denote 

6 

^ = 0Ca,. (2.9) 



Then the simple Lie algebra of type E e is 

Q Ee = H @ CE a (2.10) 

with the Lie bracket [•, •] determined by: 

[H,H] = 0, [h,E a } = -[E a ,h} = (h,a)E a , [E a ,E_ a ] = -a, (2.11) 
\F pi-/ tfa + (3£<5> E6 , 

Moreover, we have the following automorphism a of the Lie algebra Q Ee with order 2: 

6 6 

&(^2b i a i ) = ^2b i a(a i ), h e C, (2.13) 

i=i i=i 

<r(£ a ) = ^(a) for a E $ £e . (2.14) 
The Dynkin diagram of F 4 is 

F 4- o Q ) D O 

12 3 4 

In order to make notation distinguishable, we add a bar on the roots in the root system <3>i? 4 
of type F 4 . In particular, we let {a±, a 2 , 0:3, 0:4} be the simple positive roots corresponding 
to the above Dynkin diagram of _F 4 , where ol\, a 2 are long roots and 0:3, are short roots. 
The simple Lie algebra of type F 4 is 

Q F * = { ue G Ef > I a(u) = u} (2.15) 

with Cartan subalgebra 

H Fi = C(ai + a e ) + C(a 3 + a 5 ) + Ca 4 + ¥a 2 . (2.16) 

Set 

V = {w G G Ee I <tH = -w}. (2.17) 

Then V forms the basic 26-dimensional £ F4 -module with representation ad|gs 6 . 

Next we want to find the explicit representation formulas of the root vectors of Q Fa 
on V in terms of differential operators. Note the cx-invariant positive roots of $£ 6 are: 

5 5 6 5 6 

a 2 , Q?4, a 2 + 0:4, Qij, aj, ai + ^aj, a 4 + ^o;j, y^ctj, (2-18) 

i=3 i=2 i=3 i=2 i=l 

6 6 5 6 5 6 5 

a 4 + y^ oti, ^ ctj + y^ a r , « 4 + y^ ai + y^ a r , a 4 + y^a, + y^a r . (2.19) 



The followings are representatives of changing positive roots modulo a: 

Oil, Oil + OC 3 , «3 + Oi4, 0:1 + 0:3 + o 4 , o 2 + o 3 + o 4 , Oi + o 3 + o 4 + o 5 , (2.20) 
4 5 5 5 6 

J>, (2-21) 

i=l i=l i=l i=l i=l 

Set 

xi = E a:i+a4+T .6^ ai - ^ Q6+a4+E 6 =iai , x 2 = E a3+a4+Y j Uai - E ai+a5+Ti 6^ at , (2.22) 

x z = #o 4 +E? =1 a* ~ E ^+J2U «* ' X4 = oh ~ E 3?i=2 ' ^ 2 - 23 ^ 

^7 = -^02+03+04 -^02+04+05) = -^01+03+04 ^Ei-4 a i' = ~^ Q 3+ a 4 -^04+05 (2.25) 

210 — E ai+aa — i? Q5+Q , 6 , xn = -E Q3 — -Eq 5 , X12 = E ai — E a6 , (2.26) 

X13 — Oil - a 6 , = o 3 - o 5 , xi 5 = E_ ai - E_ a6 , (2.27) 

2-16 E— a3 .E'—Qg, X17 E— ai — as £<_ Q5 _ a6 , Xig E— a3 — aA i?_ Q4 _ Q , 5 , (2.28) 

2l9 = ^-ai-a 3 -ci4 ^™Ei-4 a i' 3 ' 20 = ^-"2—03-04 -^—02-04-05; (2.29) 

0:21 = £- ai -EL3^ - S -E?= 3 «i' X22 = S -£t^ - S -a 2 -EL 4 ^' ( 2 - 3 °) 

^23 = E -Y* =1 <*i ~ S -E?= 2 «i' X25 = S -a 3 -a 4 -E? =1 a i ~ S -a 4 -a B -Ef =2 «i ' ( 2 .31) 

224 = ^_ a4 _ E 5 =iQi - S -a 4 -Ef =2 « i ' X26 = S -a 3 -a4-Ei=i«i ~ S -04-a B -Ei=i «i " ( 2 ' 32 ) 



Then the set {ojj | i e 1, 26} forms a basis of V and we treat all Xi as variables for technical 
convenience. 

Again denote by E s the root vectors of Q Fa as follows: e — ±1, 

E £ ai E £Ce2 , E £ a 2 E £Ql4 , E £ q, 3 E £a3 + E £a5 , E^^ E £ai + E £ae , (2.33) 

-£'£(01+02) = -^£(02+04); -^£(02+03) = -^£(03+04) + -^£(04+05)5 (2.34) 

E £ (a 3 +a>4,) = -^£(01+03) + -^£(05+06)5 -^£(01+02+33) = -^£(02+03+04) -^£(02+04+05)' (2.35) 

E £ (a 2 +a 3 +a4) = -^(oi +03+04) + -^£(o 4 +o 5 +o 6 ) ; -^£(02+203) = ^^-=3 °i' (2.36) 

E £ (a 1 +a 2 +2a 3 ) = ^E^U"*' "^("2+203+04) = ^(oi+E^s <*;) + ^£ E?=3 Q i ' (2.37) 

^Eti«* = ^(£?=i«0 + ^(°2+E-=4«»)' ^(31+202+203) = ^ e(a4+E 5 =2Qj) , (2.38) 

S o 3 +£Eti^ = ^(Ef=i«i) + ^(E-=2«»)' ^(88+253+204) = ^(oi+Ets^) ( 2 - 39 ^ 

-^£(01+203+203+04) = ^£(a 4 +E- = l ai) + ^£(a 4 +E;=2<*i)' (2.40) 



E £ (a 1+ a 2 +2a 3 +2a 4 ) = E eT,ti a ^ E <a l +2 E * =2 Si) = ^("4+Eti «i) ' ^ 2 - 4 ^ 

-Ee(ai+2 ( i 2 +3a3+<54) = -E e ( a3+a4 +Ef =1 a z ) + ^(a 4 +a B +Ef =2 «<) ' (2.42) 

# £ (ai+2a 2 +3a 3 +2a 4 ) = ^(a 3 +a 4 +E?=i «i) + <*<)' ( 2 ' 43 ) 

-£ e (ai+2a 2 +4a 3 +2a 4 ) = ^e(E;=l "i+EiU "r) ' (2.44) 

#£(ai+3a 2 +4a 3 +2a4) = ^ £ (a 4 +Ei=i "i+E?= 3 "0 ' ( 2 - 45 ) 

^ £ (2a 1 +3a 2 +4 ( i3+2a 4 ) = # £ (c* 4 +E? =1 a;+E* =2 «r) " ( 2 ' 46 ) 

Moreover, we set 

hi = a 2 , h 2 = «4, h 3 = a 3 + a 5 , /i 4 = oci + a 6 . (2.47) 
We calculate 

E Sl \v = Xid X6 + x 5 d Xs + x 7 d xg - x 18 d X20 - x 19 d X22 - x 21 d X23 , (2.48) 

Ea 2 \v = X 3 d X4 + Xg^-no + x 9 d xil — x 16 d xi8 — xi 7 d xig — x 23 d X24 , (2.49) 

-EWlv — —x 2 d X3 — x±d X5 — xq8 X8 + xiod xl2 + xn((9 Xl3 — 2d xi4 j 

—X\id xi6 — xi 5 d xi7 + x w d X21 + x 22 d X23 + x 2 ±d X25 , (2.50) 

Ea 4 \v = -x\d X2 - x 5 d X7 - x 8 d Xg - x w d Xll + x 12 (d Xl4 - 2d Xl3 ) 

—Xl3d Xl5 + Xiq8 Xit + Xi8d Xlg + X 2 od X22 + X25<9x 26) (2-51) 

Ea!+a 2 \v — —x 3 d X6 + x$d xi0 + x 7 d xil — xi e d X20 — xyjd X22 + x 2 \d X24) (2.52) 

Ea 2 +ag I v 

x 2 d X4 + x 3 d XB + x 6 d 10 + x 8 d xi2 + x 9 (d xi3 - 2d xi4 ) 

—xnd Xl6 — x\<jd Xl9 — x\ 7 d X21 — x 22 d X24 — x 23 d X25 , (2.53) 

Ea 3 +a 4 \v — ~ x id X3 + x±d X7 + xq8 X9 — xio(d xl3 + d xi4 ) — Xud xi5 

+xi 2 d Xl6 - (xi 3 + x 14 )d Xl7 - x 18 d X21 - x 20 d X23 + x 24 d X26 , (2.54) 



Ea 1+ a 2 +a 3 \v = ~x 2 d X6 + x 3 d X8 + x 4 d Xl0 + x 5 d Xl2 + x 7 (d Xl3 - 2d Xl4 ) - x u d x 

—x\bd X22 — x\ 7 d X23 — x\ 9 d X24 + x 2 \d X2h , (2.55) 

Ea 2 +a 3 +a 4 \v = X\8 Xi + X 3 d x? — Xq8 Xii — x$(d Xl3 + d Xl4 ) — Xgd Xl5 + X\ 2 d Xls 

-(x 13 + xu)d Xl0 + x 16 d X21 - x 20 d X24 - x 23 d X26 , (2.56) 



Ea 2 +2a 3 \v — —x 2 d X5 + x e d Xl2 + x 9 d Xl6 — x u d Xl8 — Xi 5 d X21 + x 22 d X25 , (2-57) 

Ea 1 +a 2 +2a 3 \v = x 2d Xs + x±d Xl2 + x 7 d Xl6 — x u d X20 — xi 5 d X23 — xi 9 d X25 , (2.58) 

Ea 2 +2a 3 +a 4 \v = ~ x l9 xs + X 2 8 X7 + X§(d Xl4 — 2d xi3 ) + X%d xw + X 9 8 X17 

—Xiod Xl8 — Xud Xig — Xi 3 d X21 — x 20 d X25 + x 22 d X26 , (2.59) 

-^oi +02 +03 +04 \ V X\0 X6 X 3 XQ X 4 Xll ^(^rris + 9 X14 ) XjO Xl5 4~ X\ 2 d X20 

~(xi3 + x u )d X22 + x 16 d X23 + x 18 d X24 + x 21 d X26 , (2.60) 

Ea 1 +2a 2 +2a 3 \v = ~ x 2d xi0 + ^3^x12 + x 7^i S — ^9^X20 ~ X\<jd X2A + Xi 7 d X25 , (2.61) 

-^ai+o2+2o3+a4 \v = x i9 X8 — x 2 d X9 + x 4 {d Xl4 — 2d xi3 ) + x^d xi6 + Xjd xi7 — Xiod X20 

—x\\d X22 — X\ 3 d X23 + x i8 d X2S — x i9 d X26 , (2.62) 

Ea 2 +203+204 1 v = x\d X7 + x e d Xl5 + x 8 d Xl7 — x\od Xl9 — x\ 2 d X21 — x 2Q d X26 , (2.63) 

E&i +202+203+04 1 v — —xid xi0 + x 2 d Xll + x 3 (d Xl4 — 2d xi3 ) + x^d xw + xjd xw — x 8 d X20 

-x 9 d X22 - x 13 d X24 - x w d X25 + x 17 d X26 , (2.64) 

-£'01+02+203+204 I V — -xid XQ + x 4 d Xl5 + x 5 d Xl7 - x 10 d X22 - x 12 d X23 + x 18 d X26 , (2.65) 

£-01+202+203+204 I v — xid Xll + x 3 d Xl5 + x 5 d Xl9 - x 8 d X22 - x 12 d X24 - x 16 d X26 , (2.66) 

-^01+202+303+04 1 v = —x\d xi2 — x 2 {d xi4 + d xi3 ) — x 3 d Xl6 + x 4 d xi8 — xq8 X20 + x?d X21 

-x 9 d X23 + x n d X24 - (xi 3 + x 14 ,)d XM + x 15 d X26 , (2.67) 

-^01+202+303+204 1 v = xi(d Xl3 — 2d Xl4 ) + x 2 d Xl5 — x 3 d Xl7 + x 4 d Xig + x$d X21 — xq8 X22 

~ x s9 X23 + x w d X24 — x\ 2 d X2h — xi 4 d X26 , (2.68) 

Ea 1 +2a 2 +4a 3 +2a 4 \v = xid Xl6 - x 2 d Xl7 + x 4 d X21 - x 6 d X23 + x w d X25 - xud X26 , (2.69) 

-xid Xl8 + x 2 d Xl9 - x 3 d X21 + x e d X24 - x 8 d X25 + x 9 d X26 , (2.70) 

E 2 a 1 +3a 2 +4a 3 +2a 4 \v = X\d X20 — X 2 8 X22 + ^3^23 — X±d X24 + X^d X25 — Xjd X26 , (2.71) 

hi\ v = x 4 d X4 + x 5 d X5 - x 6 d X6 + x 7 d X7 - x 8 d Xs - x 9 d Xg + x 18 d Xls 

+^i9<9a;i9 — x 20 d X20 + x 2 id X21 — x 22 d X22 — x 23 d X23 , (2.72) 



h 2 \v — x 3 d X3 — x±d Xi + x 8 d X8 + x 9 d Xg — x w d Xl0 — x u d Xll + xi e d Xl6 

+xi7d XlT — xi8<9 Xlg — xidd Xl9 + X23d X23 — X24d X24 , (2.73) 

hslv — %2d X2 — x 3 d X3 + x$ X4 — x^d XB + xq8 X6 — x$d X8 + x 10 d xw 

+2xud Xll — xi2d Xl2 + xi5<9 Xl5 — 2xiq8 Xi6 — xnd Xl7 + x\gd Xl9 

-x 2 id X21 + x 2 2d X22 - x 23 d X23 + x 24 d X24 - x 25 d X25 , (2.74) 

h 4 \v = x 1 d Xl - x 2 d X2 + x 5 d XB - x 7 d X7 + x 8 d X8 - x 9 d X9 + x w d Xl0 

—Xud xil + 2x 12 d Xl2 — 2xi 5 d xi5 + Xiq8 x16 — Xi?d xi7 + Xi$d Xls 

—xi$d Xl9 + x 2 od X20 — x 2 2d X22 + x 2 ^d X2S — x 2 Qd X26 . (2-75) 

Denote 



f = 11-r for r e 1,26. (2.76) 
Define an algebraic isomorphism r on C[x±, ...,x 2e ][d Xl , ...,d X26 \ by 



r(x r ) = x f , r(d Xr ) = 8 Xf for r e 1, 26 \ {13, 14} (2.77) 

and 

t{xis) = -xi 3 , r(xi 4 ) = -X14, r(^ 13 ) = -9 X13 , r(9 xi4 ) = -0 Xl4 . (2.78) 

Then 

£_ s | y = t(E s \ v ) (2.79) 

for ct G $J 4 , the set of positive roots of Q Fi . Thus we have given the explicit formulas for 
the basic irreducible representation of F 4 . 

3 Polynomial Representation of F4 

According to (2.48)-(2.75), V is the irreducible module of the highest weight A4 and x\ is 
a highest weight vector. In this section, we want to study the (/ F4 -module A = C[x{ \ % € 



1,26] via the representation formulas (2.48)-(2.79). 
Suppose that 

12 

r\\ — 3 x r Xf + ax\ z + 60:13X14 + cx\ A (3.1) 

r=l 

is an F 4 -invariant (cf . (2.76)), where a,b,c are constants to be determined. Then 
Eaiivi) — Ea 2 (rji) = naturally hold. Moreover, 

= Ea 3 (r)i) = 2(a - b)xux l3 + [b - 4c - 3)}xnXu, (3.2) 



which gives 

a = b = 4c + 3, . (3.3) 

Similarly, the constraint Ea 3 (r}i) = yield b = c = 4a + 3. So we have the quadratic 
invariant 

12 

rji = 3 x r x f — x\ 3 — xi 3 x u — x\ A . (3.4) 

r=l 

This invariant also gives a symmetric (^-invariant bilinear form on V . 
By (2.72)-(2.75), we try to find a quadratic singular vector of the form 

(l = X±(aiXi3 + a 2 Xu) + 03^2^12 + 04^3^10 + 05^4^8 + 06^5^6, (3.5) 

where a r are constants. Observe 

= ^esi(Ci) = (°5 + a 6 )x 4 a;5 =>• a 6 = -a 5 . (3.5) 

Moreover, 

= Ea 2 (Ci) = (a 4 + 05)^8 =>■ a 5 = -«4- (3.6) 

Note 

= Ea 3 ((i) = (ai - 2a 2 )xiXn + (a 3 - a 4 )x 2 £i =>- ai = 2a 2 , a 3 = a 4 . (3.7) 
Furthermore, 

= Ea 4 (Ci) = (a 2 - 2ai - 03)^1^12 =>■ 2a x = a 2 - a 3 . (3.8) 

Hence we have the singular vector 

Ci = xi(2xi 3 + X14) - 3x 2 x 12 - 3a; 3 a;io + 3x 4 x 8 - 3x 5 x e (3.9) 

of weight A 4 . So it generates an irreducible module that is isomorphic to the basic module 
V. Note 

E- Sl \v = ~xed X4 - x 8 d X5 - x 9 d x? + x 20 d Xl8 + x 22 d Xl9 + x 23 d X21 , (3.10) 

E-a 2 \v = -xaO X3 - x w d xs - x n d Xg + x 18 d Xl6 + x 19 d Xl7 + x 24 d X23 , (3.11) 

E-a 3 \v — x 3 d X2 + x 5 d X4 + x 8 d X6 — xi 2 d Xw + xi§{2d XlA — d xi3 ) 

+x u d Xll + x 17 d Xl5 - x 21 d xig - x 23 d X22 - x 25 d X24 , (3.12) 

E_a 4 \v = x 2 d Xl + x 7 d X5 + x 9 d X8 + xud Xl0 + x 15 (2d Xl3 - d Xl4 ) 

+xi 3 d Xl2 — xnd Xl6 — xi 9 d Xls — x 22 d X20 — x 2 q8 X25 (3.13) 



by (2.77)-(2.79). To get a basis of the module generated by Ci compatible to {xj \ i G 
1, 26}, we set 

C2 = -E-a 4 (Ci) = x 2 (-x 13 + x u ) + 3xiXi 5 - 3x 3 xn + 3x 4 x 9 - 3x 6 x 7 , (3.14) 

( 3 = E_a 3 (C 2 ) = -x 3 (xi 3 + 2x M ) + 3xia;i 7 + 3x 2 a;i 6 + 3x 5 x 9 - 3x 7 x 8 , (3.15) 

C4 = -E^iCs) = -^4(^13 + 2x M ) - 3xixi 9 - 3x 2 xi 8 + 3x 5 xn - 3x 7 xi , (3.16) 

C5 = S_q 3 (C 4 ) = x 5 (-xi 3 + xi 4 ) + 3xix 2 i - 3x 3 xi 8 - 3x 4 xi 6 + 3x 7 xi2, (3.17) 

Ce = -.B_ Sl (C 4 ) = -x 6 (xi 3 + 2x i4 ) + 3xix 2 2 + 3x 2 x 20 + 3x 8 xn - 3x 9 xi , (3.18) 

C7 = E-aACs) = x 7 {2xi 3 + x u ) + 3x 2 x 2i + 3x 3 xi 9 + 3x 4 xi 7 - 3x 5 xi 5 , (3.19) 

Cs = --B-ai (C5) = x 8 (-x 13 + x u ) - 3xix 23 + 3x 3 x 20 - 3x 6 xi 6 + 3x 9 xi 2 , (3.20) 

C9 = -E^ {(7) = x 9 (2x 13 + Xu) - 3x 2 x 23 - 3x 3 x 22 + 3x 6 xi 7 - 3x 8 xi 5 , (3.21) 

C10 = -E-aiiCs) = x w (-x 13 + xu) + 3xix 24 + 3x 4 x 20 + 3x 6 xi 8 + 3xnxi 2 , (3.22) 

Cn = -E_a 2 {(9) = xn(2xi 3 + x M ) + 3x 2 x 24 - 3x 4 x 22 - 3x 6 xi 9 - 3xioXi 5 , (3.23) 

C12 = --E_q 3 (Cio) = -^12(^13 + 2x i4 ) + 3xix 25 - 3x 5 x 20 - 3x 8 xi 8 - 3xi xi 6 , (3.24) 

Ci 3 = £_„ 4 (Ci 2 ) = -x i3 (xi 3 + 2x i4 ) - 3xix 26 + 3x 2 x 25 + 3x 5 x 22 - 3x 7 x 20 

+3x 8 xi 9 - 3x 9 xi 8 + 3xi xi 7 - 3xiiXi 6 , (3.25) 

C14 = -E-a 3 (Cll) = x M (2xi 3 + xu) - 3x 2 x 25 + 3x 3 x 24 + 3x 4 x 23 - 3x 5 x 22 

+3x 6 x 2 i - 3x 8 xi 9 - 3xi xi7 + 3xi 2 xi5, (3.26) 

Cr = r(Cf) for r G 15727, (3.27) 

where r is an algebra automorphism determined by (2.77) and (2.78). The above con- 
struction shows that the map x r 1— > ( r determine a module isomorphism from V to the 
module generated by Ci- In particular, 

Ea(xi) = axj Ea((i) = aQ, a G C, a G $f 4 . (3.28) 

First 

$ = ( x l(2 ~ X 2 (l)/S = Xi(-X 2 Xi 3 + X1X15 - X 3 Xn + X 4 X 9 - X 6 X 7 ) 

+x 2 (x 2 x i2 + x 3 xi - x 4 x 8 + x 5 x 6 ) (3.29) 
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is a singular vector of weight A 3 . Recall that the invariant rji in (3.4) define an invariant 
bilinear form on V. Thus we have the following cubic invariant 

12 

1]2 = S ^((rXr + X r (r) - 2x 13 (i 3 - X 13 ( 14 - X u ( 13 - 2x U ( U . (3.30) 
r=l 

According to (3.9) and (3.14)-(3.27), we find 

7] 2 = 9(1 + r) [(x 2 x 12 + x 3 x 10 - x 4 x 8 + x 5 x 6 )x 26 + (x 3 xn - x 4 x 9 + x 6 x 7 )x 25 

+(x 7 X 8 - X 5 X 9 )X 2 4 + X W (X 4 X 23 + X9X21) - Xu(x 5 X 23 + X 8 X 21 + X 12 X 17 ) 

-x l2 (x 7 x 22 + x 9 x 19 )\ + 2^3 + 3xl 3 x u - 3xi 3 a;^ 4 - 2x\ A + 3xi(2xi 3 + x l4 )x 26 
+3x 2 (xi 3 + 2x M )x 25 - 3x 13 [x 3 x 24 + x 4 x 23 + x 5 x 22 + x 6 x 2 i - 2x 7 x 20 + x 8 Xi 9 
-2x 9 x 18 + x w x 17 - 2xnx ie + x 12 xi 5 ] - 3xi 4 [2x 3 x 24 + 2x 4 x 23 - x 5 x 22 
+2x 6 x 2i - x 7 x 20 - x 8 x w - x 9 x 18 - x 10 x l7 - x u x w + 2x 12 x 15 ], (3.31) 

where r is an algebra automorphism defined in (2.77) and (2.78). Denote by N the set of 
nonnegative integers. Now we are ready to prove our main theorem. 

Theorem 3.1. Any polynomial f in A satisfying the system of partial differential 
equations 

E s {f) = for ae $+ (3.32) 
must be a polynomial in x±, £1, rji, r\ 2 . In particular, the elements 

{xrCr^rV 5 I ™i, ™2, m 3 , m 4 , m 5 E N} (3.33) 

are linearly independent singular vectors and any singular vector is a linear combination 
of those in (3.33) with the same weight. The weight of x^^H^rff^ is m 3 \ 3 + (mi + 
m 2 )A 4 . 

Proof. First we note 



X1X14 = Ci - 2x1X13 + 3x 2 xi 2 + 3:r 3 :rio - 3x 4 x 8 + 3x 5 x 6 , (3.34) 

3xiXi 5 = (2 + x 2 (xi 3 - x M ) + 3x 3 xn - 3x 4 x 9 + 3x 6 x 7 , (3.35) 

3xiXi 7 = C3 + ^3(^13 + 2x i4 ) - 3x 2 xi 6 - 3x 5 x 9 + 3x 7 x 8 , (3.36) 

3xiXi 9 = 3x 5 xn - (4 — x 4 (xi 3 + 2x i4 ) - 3x 2 xi 8 - 3x 7 xi , (3.37) 

3xix 2i = C5 + ^5(^13 - x u ) + 3x 3 xi 8 + 3x 4 xi 6 - 3x 7 xi 2 , (3.38) 

3xix 22 = C6 + x e (xi 3 + 2x i4 ) - 3x 2 x 20 - 3x 8 xn + 3x 9 xi , (3.39) 

1 o 



3xi%23 = Cs + ^3(^13 - x u ) - 3x 3 x 20 + 3x 6 x w - 3x 9 x i2 , (3.40) 
3xix 2 4 = Cio + x 10 (xi 3 - x i4 ) - 3x 4 x 20 - 3x 6 x l8 - 3x11X12, (3-41) 

12 

3x 2 x 2 5 + 3xix 26 =rji-3 ^2 x rXf + xj 3 + Xi 3 x i4 + xf 4 , (3.42) 

r=3 

3[3(xiXi 5 + x 3 xn - x 4 x 9 + x 6 x 7 ) + x 2 (xi 3 + 2xi 4 )]x 25 
+3[3(x 2 x i2 + x 3 x w - x 4 x 8 + x 5 x 6 ) + xi(2x i3 + x u )]x 26 

= T)2 - 9Xi(x 17 X 24 - X 19 X 23 + X 21 X 22 ) - 9x 2 (Xi 6 X 24 - Xi 8 X 23 + X 20 X 21 ) ~ 3xj 3 X U 

-9(1 + r)[(x 7 x 8 - x 5 x 9 )x 24 + xi (x 4 a; 2 3 + x 9 x 21 ) - x u (x 5 x 23 + x 8 x 21 + x 12 x 17 ) 

-X i2 (x 7 X 2 2 + X9X19)] - 2x\ 3 + 3X13X44 + 2X44 + 3Xi 3 [x 3 X 2 4 + X4X23 + X 5 X 22 + X 6 X 2 1 

-2x 7 x 2 o + x 8 x\ 9 - 2x 9 x\ 8 + x w xi 7 - 2x u xi 6 + xi 2 x i5 ] - 3xi 4 [2x 3 x 2 4 + 2x4X23 

-X 5 X 22 + 2X 6 X 2 1 - X 7 X 20 - X 8 X 19 - X 9 X 18 - Xi Xi 7 - X n X 16 + 2Xi 2 Xi 5 ] (3.43) 

by (3.4), (3.9), (3.14)-(3.18), (3.20), (3.22) and (3.31). Thus {x r | 16, 18, 20 ^ r e 14726} 
are rational functions in 

{x r , Cs, m, V2 I r e {T7T3, 16, 18, 20}; 7,9^e MO}. (3.44) 

Suppose that / G A is a solution of (3.32). Write / as a rational function fi in the 
variables of (3.44). In the following calculations, we will always use (3.28). By (2.71), 

= E 2 a 1+3 a 2 +Aa 3 +2a 4 {fl) = x id X2Q (fi). (3.45) 

So fi is independent of x 2 o- Moreover, (2.70) gives 

= £ , ai+3Q2+4a3+2a 4 (/l) = ~ x ld Xl8 (fi). (3.46) 

Hence fi is independent of Xi 8 . Furthermore, (2.69) yields 

= -Ea 1+ 2a 2 +4a3+2a 4 (/l) = x ld Xl6 (fi). (3.47) 

Thus f\ is independent of Xi6- Successively applying (2.68), (2.67), (2.66), (2.65) and 
(2.63) to fi, we obtain that f\ is independent of Xi 3 , Xi 2 , Xn, x 9 and x 7 . Therefore, f\ is 
a rational function in 

R, Cs, Vi, m | 7, 9 ± r e MO; 7,9^e MO}. (3.48) 

By (2.54), (2.56), (2.59), (2.60), (2.62) and (2.64), 

= i^W/i) = -xi^ 3 (/i) - G<%(/i), (3.49) 
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= £ aa+as+a4 (/i) = Xid X4 (fi) + Ci%(/i), (3-50) 
= ^aa+MsW/i) = -Xid Xll (fi) ~ Ci%(/i), (3-51) 
= E^ 1+ ^ 2+ ^ +dC4 (h) = -xASh) - CA 6 (fi), (3.52) 

= Ea 1+ a 2 +2a 3 +a 4 (fl) = ^xsifl) + Cl ( /l ) , (3.53) 

= J Ba 1 +2a 2 +2a3+a 4 (/l) = -^l^ 10 (/l) - Cl%o(A)- ( 3 -54) 

Set 

Vr = XlCr - X r Cl, T E 3^Q] T] 7 = X^g - X 8 (l, T] 8 = X^q ~ X 10 (l. (3.55) 

By the characteristic method of solving linear partial differential equations, we get that 
f\ can be written as a rational function f 2 in 

{x r ,(s,r]q I r,s = 1,2; 5 e 1,8}. (3.56) 

Next applying (2.57), (2.58) and (2.61) to / 2 , we get 

= £ M3 (/2) = -(X1C2 - Ci^)9 % (/ 2 ) = -3^ 5 (/ 2 ), (3.57) 

= ^ 1+M3 (/ 2 ) = 3&d V7 (f 2 ), = S ai+ 2 aa+2a3 (/2) = -3^(/ 2 ) = (3.58) 

(cf. (3.29)). Thus / 2 is independent of 775, 777 and 7/g- Furthermore, we apply (2.50), (2.53) 
and (2.55) to / 2 and obtain 

= ^ 3 (/ 2 ) = -Md m (f 2 ), = E M (f 2 ) = 3&d m (f 2 ), (3.59) 

= E Sl+S2+S3 (f 2 ) = -Md m {f 2 ). (3.60) 
Therefore, f 2 is a rational function in xi, x 2 , £1, C2, ?7i, V2- By (2.51), 

= E^h) = -xA.ih) - Ci%(/ 2 ). (3.61) 

Again the characteristic method tell us that f 2 can be written as a rational function / 3 
in xi, Ci, 1?, 771, ?7 2 - Since / 2 = / is a polynomial in {x r | r e 1,26}, Expressions (3.29), 
(3.34), (3.42) and (3.43) imply that f 2 must be a polynomial in x±, £1, 1?, 771, ?7 2 . The other 
statements follow directly. □ 

Calculating the weights of the singular vectors in the above theorem, we have: 

Corollary 3.2. The space of polynomial Q Fi -invariants over its basic module is an 
subalgebra of A generated by rji and r\ 2 . 



Let L(m u m 2 ,m 3 ,m 4 ,m 5 ) be the £ F4 -submodule generated by x^CT^^vT^T 5 ■ 
Then L(rrii, m 2 , m 3 , m 4 , m 5 ) is a finite-dimensional irreducible (? F4 -submodule with the 
highest weight m 3 A 3 + {mi + m 2 )A 4 . Let ^ be the subspace of polynomials in A with 
degree k. Then Ak is a finite-dimensional C? F4 -module. By the Weyl's theorem of complete 
reducibility, 

oo oo 

A=Q)A k = (J) L(m u m 2 ,m3, m 4 ,m 5 ). (3.62) 

fc=0 mi,m2,rri3,m4,m5=0 

Denote by d(k, I) the dimension of the highest weight irreducible module with the weight 
k\ 3 + /A 4 . The above equation imply the following combinatorial identity: 

oo 

(T3t)g = (!.„)(!.„) £ ^.,* 2 + ^™». (3-63) 

Multiplying (1 — t) 2 to the above equation, we obtain a new combinatorial identity about 
twenty-four: 

oo 

, ' = r-^ ^ V d(k u k 2 + k 3 )t zk '+ 2M *. (3.64) 

Equivalent ly, we have: 

Corollary 3.3. The dimensions d(p, I) of the irreducible module with the weights 

k\ 3 + IX4 are linearly correlated by the following identity: 

00 

(1 + 0(1 + t + t 2 ) = (1 - t) 2A k * + A; 3 )t 3fcl+2fc2+fc3 . (3.65) 

fei,A;2,fe3=0 

In the construction of the root system <£>^ 4 from Euclidean space (e.g.,cf. [Hu]), 

(Ai,«i) = (A 2 ,a 2 ) = 1, (Ai,« 3 ) = (A 2 ,a 4 ) = 1/2. (3.66) 

Recall 5 = Ai + A 2 + A 3 + A 4 . By the dimension formula of finite-dimensional irreducible 
modules of simple Lie algebras (e.g.,cf. [Hu]), 

d(kl) - n «^ (A + M) (Z + l)(fc + 3)(fc + f + 4) 

d(M) " rWfta) ~ 39504568320000 + I + 7){3k + I + W) 

F A 
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x{3k + 21 + ll)(\J{k + r))([[{k + I + s))([[{2k + I + q)). (3.67) 

r=l s=2 q=5 

Recall the quadratic invariants rji in (3.4). Dually we have Q Fi invariant complex 
Laplace operator 

12 

A F4 = 3 ]T ^ftr, - 9 2 13 - d Xl3 d Xl4 - d 2 Xl4 . (3.68) 



Now the subspace of complex homogeneous harmonic polynomials with degree k is 

= {/ e A I A F4 (/) = 0}. (3.69) 

Then 7if 4 = V. Assume k > 2. Suppose that k±, k2, mi, m 2 are nonnegative integers such 
that 

ki + 3k 2 = mi + 3m 2 + 2 = k. (3.70) 

If Ap^Xi 1 ^ 2 ) 7^ 0, then it is a singular vector of degree k — 2 with weight /c 2 A 3 + ki\ 4 . 
By Theorem 3.1, Ak-2 does not contain a singular vector of such weight. A contradiction. 
Thus Ap^xl 1 ^ 2 ) = 0. By the same reason, A^^dr 2 ) = 0. Thus the irreducible 
submodules 

L(ki, 0, k 2 , 0, 0), L(mi, 1, m 2 , 0, 0, 0) C H F k \ (3.71) 
This gives the following corollary: 

Corollary 3.4. The number of 'irreducible submodules contained in the subspace H.^ 4 of 
complex homogeneous harmonic polynomials with degree k > 2 is> \k/3l + \(k — 2)/3| + 2. 

We remark that the above conclusion implies a similar conclusion on real harmonic 
polynomials for the real compact simple Lie algebras of type F 4 . 
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